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Abstract: Fuzzy partitional clustering algorithms are widely used in pattern recognition field. Until now, more
and more research results on them have been developed in the literature. In order to study these algorithms
systematically and deeply, they are reviewed in this paper based on c-means algorithm, from metrics, entropy, and
constraints on membership function or cluster centers. Moreover, the advantages and disadvantages of the typical
fuzzy partitional algorithms are discussed. It is pointed out that the standard FCM algorithm is robust to the scaling
transformation of dataset, while others are sensitive to such transformation. Such conclusion is experimentally
verified when implementing the standard FCM and the maximum entropy clustering algorithm. Finally, the
problems existing in these algorithms and the prospects of the fuzzy partitional algorithms are discussed.
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Table 1 The FCM algorithms with different metrics

F 1l s T th FCM 73 20RO SR 2K 5%
Algorithm Metric Note
Gustanfson-Kessel'™! d(x,,v,)=(x, —v) A (x, —v)" A, is a fuzzy covariance matrix
AFCMM d(x,,v,)=1 7exp(7ﬂHx,( - 2) >0, choice of #depends on data
[5] e Adding a penalty term wing&;, which
PFCM d(xov) =[x [ ~wing satisfies the conditions in Remark 1
[6] e P Adding a compensated term ztanh(;,
CFCM d(xv) = s —v[ +tanhg, which satisfies Remark 2
pIM!"! d(x,,v) = ka -V, ’ w>0 is called index term
FGeM™ d(xev) = — v +1A0m — D1 250,m>1
bl Using BEA algorithm  during
Lp-norm"”! d(xgav,‘):ka -vil, =>|x,-v, iteration, more details in Ref.[9,10,
H 52].
Fcsit d(x,,v,)= (ka —v,[-r)? Remark 3
FCss!'? dxv) = (e —v | ) Remark 4
ks d(x,v,) =] —v,.Hz - 7; is a constant
2
Fuzzy compactness and separation!'*! d(x,,v) =] - v,”2 —n,v, - xH Remark 5
Nci! d(x,,v,.,) = & Remark 6
RCP!'Y) dxev) = p —v|H Remark 7

E1ViLE20,H Y &=1,and w>0.

TE2:Vi6, 20,0 & =1,and 720.
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Table 2 The fuzzy clustering algorithms induced by changing the constraints on

membership function in the FCM

R 2 MR LA AU FCM 3 21 (B SRR

Algorithm Objective function Note

n c C n
Lee’s algorithm!"”! J=2"3 ()" dy Z z u, =n
k=il i=1 k=1
n e c
Conditional FCM™ | J=>">"(u,)"d, Dy =a, 20

k=1 i=1 i=1

PCM(1)™” J = ZZt,’i’d,A +ZT7,Z(1 )" Remark 8
i=1 k=1 i=1 k=1

wpCMPY =y Y updy + >y (o~ ) Remark 9

i ) The entropy of the ith
PCM(2)™ T=Y S updy + 0,y loguy, —uy) cluster is
=y k=1 22:1 (uy loguy —uy.)
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PGcM™! J = Zzumdxk i A(m _I)ZZ(“,A ) Z;m function of PGcM is like
- that of PCM
GFCM™* ZZ u, )" d, Remark 10
FPCMP*! J=3" 3y +t])dy, Remark 11
k=1 i=1
PFPCM*! J = ;Z}(uf[ +1MYd, — w;;(u;' Ing, +121n ;) Remark 12
CFPCM™! J= 2 lzl(ufg +t)d, +T;Z](u;t tan/(e,) + ] tanh(f3,)) Remark 13
IPCM(1)P% J= uyend, + ZqZu 1A-z,)" Remark 14
i=1 k=1 i=1 =1
IPCM(2)P¢ J=3>uy't,d, +Zn,2u,k (¢, logt, —t, +1) Remark 14

i=l k=1 i=1 k=1
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TE 130wy 20,0 uy =1:Vi,a, 20, o, =154, 20, 3, =1,Vk, f, 20,2 B, =1,7>0.

4wy, 20,20 uy =1,m, > 1, IPCM(D)Q)IFHF RN T ER PCM(1) ()41 FPCM [k 51, WL SCHR[56].
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A2 25 AH 5K B SR,
Table 3 The fuzzy partitional clustering algorithms when adding entropy term into
the objective function of C-means

R 38 C IR H b e Bt o] ARE1G 2 5%

Algorithms Objective function Note
1261 J= - Ao SRy ) If 2>0, the objective function of
MEC ,(Z:; ‘Z:,: M ; ; Y 0B ¥ DA has the same form
" l—g &<
MECAP" J=aY Y, loguy, +—=3" Y u,d, Remark 15
k=1 i=1 n ==
. n_c n_ ¢ N (1 =
A fuzzy ;xplanatlpn O{ZE]M J :Zzu,k(d,k + IOQA,\)+ A3y Iogﬂ K-L entropy ;Vi,7:20, >0, 7=1
clustering algorithm = Py 7, 4; is a fuzzy covariance matrix

Fuzzy clustering based on SRy SRy
N i J= E E u.,d.,+ﬂz E [u.,logu. +(1-u )Iog(]fu.,)] Remark 16
29 Py i i i i
Fermi-Dirac statitics'>”! e Tl ¥ ¥ e

k=1 i=1

W Consider ~ Shannon’s  entropy
FBACNP J= ZMW d, +2" z Z“u{ logu, without deleting the weighting
k=ti=t kels exponent, see Remark 17

15 0<a<1 z_m’;u_ﬁ ) 5 A5 6 $5 MEC FAR R

VE 16:Fermi-Dirac 481 | (K ZE2REE T 5 = B2 A0 35 el 2000 P A, AN i T ) A1 9 25 1254
T3 ¥R S TR 5 2 R O T SR i R ) T B

v 17:FBACN 513516 H AR b8 5[] RE 15 A 21 58 288 rho 03 S o 85 1 P AR, T 8 4al ) o 4 TR 2% 2 S i
FBACN 530 B b b8 S0 AR AR, B2 AR 4075 W SCHR[30].
2.3 EHROMYR

HRBIROH C WESER C WL % R IR A, 0 % B — 15 T8 5 & 15 8] — S8 1)
RN S S B0 AR R BRATT BT 0, SCHR R B2 /0 3 BRI S50 v 02 e R I — JEL 6 SR W V1 1 T, R AT s 46K B 1) )
SR8 — iR IX 3 Pl

h T e AR o SR 2 ) SEAR SR B ViR AT T W)L Rose i Y T 2 e 2 TR IR EE RS, bR I T I R H
Fr B

iy v1|| +Z Vi v||)+1122u logu,k,Vlku,kVOZ LUy =1,H2,8>0.

N H Lagrange Te 15,0 LA B 2R h 0 B AR A KA MR 3E 7] LL A O3 T — 3%, e ml WL S0k
[31~33].

2001 4F,0zdemir #2 1! T Inter-cluster separation (ICS)**! ZEA0R C 1 503 1 H A% & Borh i — AN 4 2430,
TR T 1 H AR ek 3L

& 1

—Zn:i{(uﬂ()mdik —lid(vi,vt)} Vi, k,u, >0, Z U =

gt i=1

I IT,2002 4 Timm Fl Kruse S T 8 6= 4 — 220,76 PCM BE I B bR R 20 o in X 28 o0 4k 5
I, 3 2T 10 B bR R AL

J Zzutk ik +Z’712(1 utk)m +Z}/zz d(V’, t ‘v’z k ulk —O Z lud\ <1 771 >0’7/>0

k=1i=1 i=1 i=1 i#t

FE R — 5% 3CF B, Timm F1 Kruse th38 B 7 HARIS 0 M HE 7 0B X, 7T W2 2% SCHR[35,36).
3 BEMLEE S

METRTBATT A ¥ G5 K, 25 130 20 (RO SRR SR B0 73 0 FCM . PCM B, 5] AN RIS s
LRI I FRATE R 2R A B a1k — 2D M HEAT 2 BT LA
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W 1 P LLE Y, oA B A B0 FCM R 85 ET] By Oy 28 1k 5048 A0 AR 4 M 5o A8 A 4
41,PFCM,CFCM 5 530400 2 ) 155 8 7 s HEAT 2 1tk 7R 75 21 (4 3 095, 1 T 4 P 572 o 8 1 N B IR S0 R
X FCM HIE S HOE B B0 DL ACR AT RME PP () — Se AR ME 4R 18 F IR S8 80925 1T % AFCM S5 507 2 Ja i
of R ECEAT AR £ AR A T 75 B (0 B0 X Bl D AR BT X B N N AR T B GE TR BRI E £
HA ARBR B 1) AR B A SN S % T A S A (R R AR R R AR T S, T ) X e AV (K S B B R R
HA L RVTA, B AT IR B = B L A SRR AR, 28 SR W I 54 T oS B SR R VA A A N R A
D50 ) A, RIS 7 R Bl 4 /S — S s 510 B A, 2 Bl B UK, T e 2% 3 BUIR AR 117 SR 2 & L, Air LA e 00k 1Y)
AP FCM B2

FCM 503k Jo oA i 5 )y A5 3 1) 2R 28 SR VE S SR S Jeg 8 UF1 — 3 Tl 240 R 1) e R P gl 24 0000 v 0 5 e
T FIRST A5 PR B A, 2 3 SRR G AR AT o 4 Mg 0 RIS it A8 400 IR 7 8 K 100 3% e 3, DT b b B 77 4R 83 3o v 2

FCM S35 AH LG, PCM B3 R4 U7 Hh A BRI Rk T FCML B2 8285 52 1 K () B[ AHLE PCML /5 B — AN W1 46
K53, UABE AV Aff 110 28 283X o — A B A vk () 1) /8. K rishnapuram Fl Keller 22 1303 FCM &34 0 45 S AE 0
PCM SR 43,1t B PCM BVERAT PRI IR, B IR S0 ¥ B AN 7], 0L SCHR[19,20]. B AT TR PCM S 7E
AR () s d A B AT IR, L AR F R L m=2, 3R ZE TN 0.00001, &R IKECh 100, B8 HEE RN HRE L
/b PCM B30 U R (ML 77 A2 T — Bk bty 77 25— S0 3o 1 Ji DR 2 2 22 8] AR A A0 AT T 2R tho ol 2
W, 2 A B AL, H R BRI S /N 2 T8 R A 2 AH B S AR A 5 ) i FL RIS — AR 4 10 4 )
43, PCM 454K 4 T 2R B4l vh B8k 1) — 2 45 1 Krishnapuram Al Keller i 15 H, S 2 — A 20d.00 02 i T 32 2L
HIRE m BRI, BCESREL m 72 FCM 1 PCM BB 2 A R, FCM th m 138 08 7 308 4 vh B T B S5 7
0] PRSI0 T AR PCM T m IR R BB AR M A S A B T — AN R e IS R T
B AV PCM 1 B Ax R BT S, 1 B m 005200, R T 2 J5 L TV 2 8 24 09 PCM 803,61 PCM(2).7F
1R 22 AH G SCHR[14,22] 1 #6 EFXEHT AL PCM B — Le A R B R 4 5

1 25T PCM(D)TEREHLA= A B S i RR 4 R i 1) mEdESEA 3 AS2K0:(0.6,0.2),
(0.2,0.6),(0.8,0.8) MR 51 PCM(1) I U 38 J 5K 508 23 i 3 28, 9 AR R R 7n s L 1(0) W R 205 % T

Fig.1 The dataset and the cluster result of PCM (1)
1 PCM(1)Hn 2 s 25 &5
FINFARBINEIES FCM S0EAH LU, A7 SE35 I 1] v (0 2022 e AR B SCFCML B0 7 B0 4 5 28
VE 5 R T BEAT 5 IR (0 AL B, 5 TN AR 75 21 0 S0 H I B 7 3 R A R A AL B R T 2 JE AR K9 Ji 3 T A
B /MG I8 T3 R 22 R I AR B AR 3k B A5 B AR DR 2R R VA (MEC), & A2 BN 7 b () — > SO S al o
FCM S0 MEC S0 1035 AT A5 vp SR g B2 A 28 vhoo (1 ST RS BLUEAT 23 47, 3RAT R I 78 FCM Sk s A =X
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(4a). ﬁ(4b),%iﬁ?&ﬁf§%?ﬁﬁﬂé%ﬁd\*ﬁD‘Jf‘%iﬁﬂiZ—”‘ FAN 2 B A X AR A T A2 Ak, PR T 5§ Ja8 R AN 2 R A o

Jk
A 0 30 RE 0 v, RVBCHR x, S 5 75 (10 8 o 0 B KA/ 10155 5 A1 MO A4 /A D
8T MEC SEA A A 30 R

n
zxkuik
k=1
v, = (5a)
zuik
k=1
—ady
e ik
g = (sb)
S
j=1

B B R 10 K s i/ B AR AR ot v, FUECHE x, AN AL 2R M O R AR R UL A SR YT K
B/ IR A5 MEC 889245 B 1) 28 28 vhot 523X A AR A0 ¥ 52 Wi JE 85 R, 10 FCML S0 R 6 2K vpt s T I b AR A 1
HA B h T RAUFIX — 25, FATE MEC SR FCM 5034 23 5N HI(E IRIS #4i% 1-(IRIS &3k [+ UCT ¥ 1Y
AEH P http://www.ics.uci.edu/~mlearn/MLRepository.html). 24 J7 {842 WL, B ATTHL IRIS 2 1 4EREE 2 HEid it
AT, SFEIEACR B, 100,18 Z2H0 0.000 01,250 AN HUHCh 3,FCM ik m =2 MEC Hh 1 =2 % 4 51| ih
T RATI P 4 R

Table 4 The outcomes of FCM and MEC on rescaling dataset: Cluster centers
F 4 FCM Al MEC SVETEHEEAT LU 4] A2 4 5 45 B 1F 28 b O

Algorithm data 10*data 100*data 0.1*data
(5.8349,2.765 8) (58.348 9, 27.657 8) (583.488 7,276.578 1) (0.583 5,0.276 6)
FCM (4.976 6,3.336 4) (49.766 1, 33.364 0) (497.661 4, 333.640 4) (0.497 7, 0.333 6)
(6.816 2,3.0712) (68.161 6,30.711 8) (681.615 6, 307.118 4) (0.681 6,0.307 1)
(5.8253,2.8725) (57.736 3,26.924 7) (577.358 5, 269.245 3) (0.584 3,0.305 4)
MEC (5.093 7,3.250 8) (50.060 0, 34.180 0) (500.600 0, 341.800 0) (0.584 3,0.305 4)
(6.722 2,3.021 8) (68.128 2, 30.744 9) (681.276 6, 307.446 8) (0.584 3,0.305 4)

M 4 W LAE Y FCM. S5 R 28 o B S 7 R /A B A 50t A 2 1t 7 K AN 4 /N AR ] A 5, 0 MEC
SRR B2 O I AL EAN IR MO AN B 3K 5 AT 20 #2 — B0 5N K 2 ik A R vp 2
ISR BE (R SEHT 5 MEC 52 K S0 RV, BT LU ATTAS 21 10 288 o0 B0 (137 KB /I [ 2 EU A gk

FESR LR Th A TR K ILMEC SHEALE IRIS Hin 4/ 21— fIN%, 2 19 8] — B2t i A XA
JUBE AR DIAR K.

M 5 LA L FEHOE A4 /D 10 f5. 100 51 1000 £5 (¥ 1 , MEC 9245 3 7 R HORDEE (1) 25 58, R 43 3]

S SRS rpL, BE I AT LA A SR S R I A R 38 RO AT Al i df F) R E A A DA SR, ) L A R XA 4
SR S EE B2 R AR H RN FCM 11 5, K % m B &, AN 18 B EL A8 4 iy A2 46 AN 2 3 BUR SR SHIE 1
K.

AT AR ERERE L G SO K R AT NS T AE H R B AR oot St (R 2 A BT U AR
O HL A 8 A RS SE A AR AT TR ICS SEVEIEAT T 8RNI FTICS S AT B A58 T 37 oK 1,
FI A 2 P LA I s 185, M T A — 1 5 9 P 0 2 [ 388 i L CEL RS LU B — s B A B (0 A
ARFE AT 85 4 105k AR B B IS T ANER IS5 R FCM U — R gl iy B R B EOR, B = AR I i
72 6] (¥ 85 BEAN T ICS R R 18 2 t1 T 1CS P AR BOR K Bt 23 [ A8 45 R AR 28 I B 3l A P2 5 ik AR 2]
2B IIAFAE. T3 AR, ICS BRI R UL S8y (IEFE SCIR[34] P 47t T S HOE SN S22k
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Table 5 The outcomes of MEC algorithm with different A on down-scaling dataset

F5  AMAFMER MEC S AE 35T 4 /R I Bl £ B3 21 4528

Data =1 =100 I=le+d J=1e+8
transformation
(55124,3.076 4) (5.774 4, 0.692 8) (5.800 0, 2.700 0) (5.800 0, 2.700 0)
data (5.5122,3.076 4) (5.006 0, 3.417 9) (5.003 9. 3.400 0) (5.003 9. 3.400 0)
(6.511 2,3.008 8) (6.813 5.3.074 7) (6.823 9.3.078 3) (6.823 9.3.078 3)
(0.584 3, 0.305 4) (0.5512, 0307 6) (0.5774,0.269 3) (0.577 4, 0.269 2)
0.1*data (0.584 3, 0.305 4) (0.551 2, 0.307 6 (0.500 6, 0.341 8) (0.500 6, 0.341 8)
(0.584 3. 0.305 4) (0.651 1, 0.300 9) (0.681 4,0.307 5) (0.681 3, 0.307 4)
(0.058 4,0.030 5) (0.058 4, 0.030 5) (0.058 4,0.030 5) (0.058 0, 0.027 0)
0.01*data (0.058 4, 0.030 5) (0.058 4, 0.030 5) (0.058 4, 0.030 5) (0.050 0, 0.034 0)
(0.058 4, 0.030 5) (0.058 4, 0.030 5) (0.058 4, 0.030 5) (0.068 2, 0.030 8)
(0.005 8, 0.003 1) (0.005 8, 0.003 1) (0.005 8, 0.003 1) (0.005 8, 0.002 7)
0.001*data (0.005 8. 0.003 1) (0.005 8. 0.003 1) (0.005 8. 0.003 1) (0.005 0, 0.003 4)
(0.005 8. 0.003 1) (0.005 8. 0.003 1) (0.005 8. 0.003 1) (0.006 8. 0.003 1)

4 ETHIMEMBRRELFAENEBERERAR=R

FEARSC L FRAT RS T SOk S B 3 TR 43 R AR 2R 28 BV X I B B AT T SRR AN 4 T e AR HEFE
T hRUE FCM S50 B0 19 LA 3 4 B A 6 e i A 90 B0 0o 3 2 A, A i K 3k 6 B0 f) 98 T S A 1
R AR T SO C B SR I B8, K C B B 1R S P AU R S A e R b SR PR I SR s T
T B R A R TR EE (PR AT J R A B, TR A0 IR SR SR S S A A A AR 2 T A R ) RO e
il AR AT BRAT] LETE A BB 57 1]

() 5 C ¥EFELE,ENETINT B S50 W5 NS 508 PR 2 A e, B8 R0 S50 48 O 20F
B, TR SRR 5 LN S B A [ A 2 T 56 1 RV 0 1 s, 181 s ASR C 3B 05 N T AU FR B0 m gl iX — )
BLBRATCEAT T IRAWEFE 15 30 T 35050 500558 T 0 2 8508 PR RIS R, WL SCHR[38~40,54,55].

(2) FET R 53 BRI 5 S vt 2 22 el AR A 52 B 155 0328 B — A4 38 (1) Sk W 2 58 1) B — o R — AN
15, H TR & 7 S ), 2 2 s SR S TRAH [, 52 St o] AR 408 SIZ o 475 0, 36 B0 9 A5 38 1) e s 23X
5N IR S B 0 2 B8 VP AN AT 5 AT 2 B0 6 1) 750, 3K AP e — A S 1) 1) L. I 7 SR R g 3K A i R R
FUIEAR T T 406 LI /b 7 A% 1 B 8 S

(3) Bl X1 O3 H AR SSBR R SO | R PR AR e 2k i AT RN FRAS BIE T AR AR X A 2D Sk R o C
BME IR B FCM R WA T RN EAT T W SIPE B O 22 4 iF B, 2 0L SCHR[44~46,48], 8 )i 28 R BV 1)
WSVt B 15 B0RE B, 2 WOk [47], 28 T A S e Sk AR A>3 K o F 8 O R 1 i) L FCM S B4
NAFFTRE, 2 W SCHR[49~5 1], % - Ho A 892l B Mk 1 L BT L2849 3 T 3823 &5 SR, 2 WL SCHR[37,47).

2 18 B EIAT (0 3 TR 20 (R ASOR) 28 I8 0920 A7 03X 2 i) U, A B SR 0 3 428 i) 80 114 9F 9 0 b 2 22 1, S
REASHE HH— N GE— 035 T K143 MRS S8 2R STV 2L 48— BT 9 S 02 O P O, ) M e 356 1 X 0 O SR R STV A7
1o ] R 2R 4R OB (0 SR SRR B — T R U S R O S B NSRS S A
Sl LA 14380 75 3, BRI AT T vy ATROI, 0] A ] I8 P () LA 75 22, 4 5 08 4 40 A 19 25 T 40 IR BRI 2R S A1 48
HH R, 3K S 7 H B AR ARV G LR ) R s AR R S O (R TR S B 3 B e G SRR AT BE AR FL e b
I ) AR B E AR R U T W R AN B, B S B S R R A A S R R R R IX
4 ) S (1 R AR 0 4 R R T ) G O RR B SIS AR I — 20 AR B T3z 1) .
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